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Abstract

Reset states are often not known for a given design until late in the
design cycle. There is therefore a need for sequential equivalence
checking algorithms that work in the absence of this information.
One popular choice for such a notion is alignability, which has the
allure of not necessarily needing a symbolic traversal of every state
in the system. However, to use alignability in practice, there are
several obstacles that needs to be overcome. First of all, the stan-
dard alignability theory does not take into account that the golden
design often may specify a range of acceptable implementations
by means of designer annotated don’t care states and don’t care
logic. Second, when two designs are unalignable, the fact that there
are no specified initial state makes it hard to generate a meaning-
ful counter-example to aid the designer in debugging the designs.
We address these issues by extending the standard alignability the-
ory so that it handles don’t care information in the absence of reset
states, and by devising a heuristic for finding a meaningful initial
state for the debug traces. Our experimental results show that our
theory extensions are necessary to be able to deal with a large por-
tion of the industrial designs that we have applied our alignability
checking tool to. We also show how our debug trace heuristic has
allowed us to find a real optimization tool bug.

1 Introduction

In order to be able to optimize hardware designs, it is important
that there is some way to check that the pre- and post-optimization
designs behave in the same way. The standard way of doing this
is to apply combinational equivalence checking, where (1) it is as-
sumed that the two designs have registers that correspond in a one-
to-one fashion, and (2) formal techniques are used to prove that the
logic optimization did not change the boolean function that each
pre-optimization cone implemented.

The ever increasing pressure to generate smaller and faster de-
signs means that the restriction imposed by combinational equiv-
alence checking is becoming counter-productive. As a result, se-
quential notions of equivalence that allow transformations that
change the numbers of register or that use reachable state infor-
mation to improve the logic optimization are very important.

There are two broad categories of sequential equivalence. The
first is equivalence from some known reset state. Here two designs
are deemed equivalent if all input sequences give the same output
response when the two designs are started in their respective reset
state. The second category is equivalence in the absence of a known
reset state.

Equivalence from a known reset state can be solved by variations
of standard model checking, and is a well-explored subject. The
major downside of this notion of equivalence is that it presupposes
that the reset states of designs are known, and in many design flows
this information is not available until very late in the design cycle.
As it is desirable to be able to interleave the verification throughout

the design phases, we will focus on equivalence without a reset
state.

Several different notions of equivalence have been proposed for
designs whose reset state is unknown. The first definition to appear
in the literature was Pixley’s sequential hardware equivalence [8].
In sequential hardware equivalence (also known as alignability), it
is checked whether the two designs are alignable in the sense that
there exists some input sequence that will drive the designs from
an arbitrary power up state to a state where the implementation and
specification behaves the same way forever.

Alignability can be checked by symbolic computation, and while
the checking is computationally complex, it does not require the
traversal of all specification and implementation states in gen-
eral. Up until recently, the main impediment to industrial use of
alignability is that it is not a compositional notion of equivalence
in the sense that block level alignability implies alignability of a
complete design. As a result, several alternative notions of equiv-
alence have been proposed that are more suited to compositional
verification; for example, safe replacement [10] and 3-valued safe
replacement [3]. Unfortunately these notions of equivalence per-
mit fewer optimizations, and may require the inspection of more
states while diagnosing a system. As a result, even though several
sequential equivalence checkers have appeared in the academic lit-
erature [14, 4, 12, 6, 1], there is no significant mainstream adoption
as of yet. However, a recent paper [6] introduced a methodology for
using compositional alignability in a sound way. This means that
the main weakness of alignability has been rendered obsolete, and
that there is hope of obtaining a robust tool for sequential equiva-
lence checking in the absence of reset states.

While the new compositionality result means that alignability is
ready for prime time in principle, there are two major hurdles that
need to be overcome to make the approach usable in practice. First
of all, the standard algorithms for alignability assume that both the
implementation and specification designs are completely determin-
istic systems. This is not true in general, as designers often use lan-
guage features to let the optimization tool know that certain states
and logic cones of the specification can be implemented in whatever
way that will minimize the size of the resulting design. Such states
and cones are called don’t care states and logic, and if this informa-
tion is not taken into account the alignability algorithms will pro-
vide false negatives [4]. Second, when alignability checking fails,
designers have little information with which to debug the failure as
there are no known reset state from which to generate a debug trace.

In this paper we address these two weaknesses by presenting an
extended alignability theory that can cope with don’t care informa-
tion in the absence of reset states, and by presenting a heuristic for
debug trace generation that we have found useful in practice. Our
experimental results show that our extended theory is necessary for
correct verification of a large portion of the industrial designs that
we have investigated. Moreover, we show how our heuristic to gen-
erate debug traces has helped diagnose a real optimization tool bug.

Huang et al. was the first to address the handling of don’t cares
in sequential equivalence checking of designs with a reset state [4].



The method in [4] models explicit don’t cares as a separate circuit
which is added on top of a mitered design. For internal don’t cares,
symbolic reachability is performed on differently encoded portions
of the design to find a subset of unreachable states of the design
from a reset state. As a reset state is required to compute don’t care
information for internal don’t cares, the method can not be used in
sequential equivalence checking without reset states.

The remainder of this paper is organized as follows. Section 2
recapitulates the alignability theory. Section 3 describes the pro-
posed algorithm to extend the original alignability to deal with don’t
cares. Section 4 describes how debug traces can be generated dur-
ing alignability computation. Section 5 explains related work. Ex-
perimental results are shown in Section 6, and we conclude with
Section 7.

2 Alignability

If the reset states of the two designs that we want to equivalence
check is known, then it is very easy to define equivalence: Two
systems are equivalent exactly if their input-output behavior is the
same when they are started in their respective reset states. However,
if the reset states are unknown, a good notion of equivalence is more
elusive.

Pixley proposed alignability as a good equivalence notion in the
absence of reset states, and it has since become a very popular
choice [8, 6]. Conceptually, alignability is decided by first checking
whether there are any state pairs for the two designs which guaran-
tees that the two designs will behave in the same way for all input
sequences. These equivalent state pairs are state pairs from which
you know you are safe forever if you ever end up in them. If no
such state pairs exist, the designs can clearly not be equivalent us-
ing any reasonable notion. Second, the question is whether there is
some group of equivalent state pairs that every state in the system
can reach using some input sequence (the aligning sequence). If
such a sequence exists, then the system is deemed alignable. The
intuition is that the aligning sequence is an input sequence that can
be used to bring the systems to some known states which are the
good operating states.

Formally, let x = {x1, . . . ,xn}, y = {y1, . . . ,yn}, and w =
{w1, . . . ,wp} be sets of variables ranging over B = {0,1} on a finite
state machine. The sets x, y, and w are called the present state, next
state, and input variables, respectively. Also, let δi be the next state
function of yi (the ith y). A state machine can be represented by
transition relation T where T (x,w,y) : B2n+p → B is 1 if and only if
there is a transition from the state encoded by x to the state encoded
by y under the input encoded by w.
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Figure 1: An example for alignability.

The first step in the alignability computation is to build the tran-
sition relation of a product machine consisting of specification and
implementation designs as in Equation 1. The second step is com-
puting EOP (Equivalent-Output-Pairs) as in Equation 2. EOP is

the set of states generating the same values on all outputs with all
input values. In Equations 2, Si and Ii are the ith output in spec-
ification and implementation design, respectively. In the example
in Figure 1, state pairs are in the form of ([F], [G, H]) on a product
machine and the ports R and S represent asynchronous reset and set,
respectively. In this example, EOP has four state pairs, which are {
([0], [1, 0]), ([0], [0, 0]), ([1], [0, 1]), ([1], [1, 1]) }. The third step is
computing Equivalent State Pairs (ESP) as in Equation 3. The ESP
is the set of states generating the same output values with any tran-
sitions forever. In the example, the ESP has only two state pairs,
that is { ([0], [1, 0]), ([1], [0, 1]) }. The fourth step is computing
Alignable State Pairs (ASP) as in Equation 4. The ASP of a system
is the set of states from which there exists an initialization sequence
to reach a state in the ESP. Two designs are said alignable if and
only if ASP is tautologous, that is, ASP contains all states in the
product machine. Our example is alignable since the ASP is tautol-
ogous. In Equations 3 and 4, µ and ν are least and greatest fixpoint
operators, respectively [13]. PreImage computation is finding all
predecessors from a given set of states in one step symbolically.
PreImage∗ is different from PreImage in that PreImage∗ existen-
tially quantifies only y variables, whereas PreImage existentially
quantifies y and w variables.

T (x,w,y) =
n

∏
i=1

(yi ≡ δi(x,w)) (1)

EOP(x) = ∀w.
n

∏
i=1

(Si(x,w) ≡ Ii(x,w)) (2)

ESP(x) = νZ.EOP(x)∧∃w.PreImage∗(T,Z) (3)

ASP(x) = µZ.ESP(x)∨PreImage(T,Z) , (4)

where

PreImage∗(T,C) = ∃y.T(x,w,y)∧C(y) ,

PreImage(T,C) = ∃w.y.T(x,w,y)∧C(y) .

A reset sequence can easily be computed during the ASP com-
putation [8]. In the example, a reset state is ([0], [1, 0]) which is
reached by setting rst to 1.

3 Alignability with Don’t Cares

When equivalence checking RTL designs, it is necessary to han-
dle don’t cares [4, 7, 11]. However, the original alignability theory
handles only deterministic designs; that is, designs that do not have
don’t care states, in other words, completely specified designs. De-
signers typically introduce don’t care information either by explic-
itly assigning X (unknown) values in the RTL, or implicitly by us-
ing case statements that are not full-case. Don’t care information is
quite common in RTL designs, so it is in issue that we need to cope
with if we are to deal with real industrial designs. This section de-
scribes how we extend the standard alignability theory to be usable
in the presence of don’t cares, in other words, for non-deterministic
designs or incompletely specified designs.

3.1 Don’t Care Modeling

In both combinational and sequential equivalence checking, don’t
cares can be represented as either a separate circuit as in [4] or in-
terval network by propagating all don’t cares through a circuit [11].
The propagation is performed in linear time and space in terms of
circuit size. After the propagation, each net in the interval network
can have min and max functions as an interval if they are different.

We found out that the interval network is more appropriate to
handle internal don’t cares, especially for output don’t cares that
may differ from an output to another.



3.2 State Don’t Cares

We encode don’t care transitions by using a non-deterministic tran-
sition relation in the following way. The definition of a bit transition
relation of yi can be expressed in the following alternative form

Ti(x,w,yi) = (yi ∧δi(x,w))∨ (¬yi ∧¬δi(x,w))
= (δi(x,w) → yi)∧ (yi → δi(x,w)) ,

which encodes that yi becomes 1 when δi is 1, and yi becomes 0
when δi is 0. In other words, Ti is 1 iff δi implies yi and yi implies
δi.

In the presence of state don’t cares, let f be a function and fdc
be a don’t care set for f , then f can be represented as an interval as
below.

fmin = f ∧¬ fdc

fmax = f ∨ fdc.

Now, the next state function, δ(x,w), can be represented as an in-
terval using δmin(x,w) and δmax(x,w) under the don’t care function
dc(x,w). The bit transition relation is now expressible as

Ti(x,w,yi) = (yi ∧δi min(x,w))∨ (¬yi ∧¬δi max(x,w))∨dc(x,w)
= (yi ∧ (δi min(x,w)∨dc(x,w)))∨

(¬yi ∧ (¬δi max(x,w)∨dc(x,w)))
= (yi ∧δi max(x,w))∨ (¬yi ∧¬δi min(x,w))
= (¬δi min(x,w)∨ yi)∧ (¬yi ∨δi max(x,w))
= (δi min(x,w) → yi)∧ (yi → δi max(x,w)) .

This means that, in the presence of don’t cares, the bit transition
relation Ti encodes that yi becomes 1 when δi min is 1, or yi becomes
0 when the negation of δi max is 1, and yi is both 1 and 0 when dc
is 1. This can be re-expressed as Ti is 1 if δi min implies yi and yi
implies δi max.

With this non-deterministic expression, the transition relation in
Equation 1 can be modified to include don’t care information as
shown in Equation 5. Similarly, the definition of EOP in Equation 2
can be modified to Equation 6 using the facts that Smin ≤ Imin and
Imax ≤ Smax.

T (x,w,y) =
n

∏
i=1

(δi min(x,w) → yi)∧ (yi → δi max(x,w)) (5)

EOP(x) = ∀w.(
n

∏
i=1

(Si min(x,w) → Ii min(x,w))∧

(Ii max(x,w) → Si max(x,w))) (6)

At this point we have made good progress to the correct handling
of don’t care information. However, we need to do more: Consider
the example in Figure 2. The extended alignability with the non-
deterministic transition relations will compute an ESP that contains
the state A. This is wrong, as there is a path from the state A to
a bad state. The reason for why state A is included in the ESP is
due to the fact that there are two transition edges (w=1 and w=0)
going to the other states in ESP, regardless of the edge going to a
bad state.

We can correct this problem by using BackImage [2] rather
than PreImage(T,C) when we compute ESP using Equation 7.
BackImage(T,C) is different from PreImage(T,C) in that it com-
putes a subset of PreImage such that all the successors of the subset
are only in C. In Figure 2, PreImage of the dashed box region re-
turns the same region, whereas BackImage of the dashed region re-
turns the solid box region by excluding the state A since a successor
of the state A is a bad state outside the dashed region. BackImage

Other States
in ESP

Correct ESP

Incorrect ESP

Bad States

A
w=1

w=1

w=0

Figure 2: Correct ESP computation with don’t cares.

can be computed by PreImage by using the identity in Equation 9
that prevents the inclusion of any state into the ESP that has an edge
going to a bad state.

ESP(x) = νZ.EOP(x)∧BackImage(T,Z) (7)

ASP(x) = µZ.ESP(x)∨PreImage(T,Z) , (8)

where

BackImage(T,C) = ¬PreImage(T,¬C) . (9)

ESP can also be seen as a set of states from which there is no
path going to a bad state that generates different values on any cor-
responding outputs between specification and implementation de-
sign. Thus, ESP in Equation 7 can be also computed in the follow-
ing alternative form of least fixpoint computation

BS(x) =
n[

i=1

¬((Si min(x,w) → Ii min(x,w))∧

(Ii max(x,w) → Si max(x,w))) , (10)

BRS(x) = µZ.BS(x)∧PreImage(T,Z) , (11)

ESP(x) = ¬BRS(x) . (12)

BS(x) represents bad states and is the set of states producing dif-
ferent values on any pair outputs, and BRS(x) represents backward
reachable states from the bad states and is the set of states that there
exists a path going to a bad state. Equation 10 is simplified in the
absence of don’t cares as below.

BS(x) =
n[

i=1

¬(Si(x,w) ≡ Ii(x,w)) . (13)

3.3 Output Don’t Cares

Output don’t cares should also be considered properly in sequential
equivalence checking. Figure 3 shows an example. In the specifica-
tion, the output value can have any value when the selector s is low,
whereas the output value is assigned to 0 in the implementation.
It is obvious that the example is combinationally equivalent since
the function of the register input D (that is sF) in the implemen-
tation resides in the interval Dmin and Dmax of the D (that are sF
and ¬s∨F, respectively) in the specification. However, alignabil-
ity will result in a ’not alignable’ diagnose as the standard ESP is
empty since there exists at least one path generating different output
values from all states.

Figure 4 shows how we can handle output don’t cares. The basic
idea is that we conjoin all care states with all of the outputs with the
transition relation. HandleOut putDCs takes a transition relation T
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Figure 3: Output don’t cares.

and a set of outputs O. F is the set of all fanin registers of O, and
each register f in F has fmin and fmax functions as an interval form
[11], as mentioned in Section 3.1. UnionDC is initialized to empty,
then updated for each register in F . Then, finally T is updated by
conjoining with the negation of UnionDC.

HandleOutputDCs(T , O) {
F = set of all fanin registers of O;
UnionDC = empty;
for each ( f ∈ F) {

if ( fmin 
= fmax) {
DontCares = fmax ∧¬ fmin;
UnionDC = UnionDC∨DontCares;

}
}
T = T ∧¬UnionDC;

}

Figure 4: Handling output don’t cares.

One can argue that the example is sequentially inequivalent, so
it should be reported as a discrepancy. However, we decided to
take output don’t cares into account in such a way that combina-
tional and sequential equivalence checking produce the same an-
swer where they both are applicable.

3.4 ESP and ASP

Alignability is mainly composed of ESP and ASP computations.
This can be seen as that ESP computation is to check whether two
designs are sequentially equivalent, assuming the two designs start
with an initial state that is in the computed ESP. ASP computation
is however to guarantee that the initial state exists by finding an
aligning sequence that brings any power up state to the initial state.
In a sense, this ASP computation is to check whether a design is
resettable, in other words, to check the correctness of the design.

In reality, since reset states are often not known for a given de-
sign until late in the design cycle, there are cases where two designs
are to be verified for sequential equivalence, but one or both of the
two designs are not resettable. In these cases, if alignability com-
putation results in a non-empty ESP and non-tautologous ASP, it
would be better to say that two designs have non-empty ESP, but
not alignable than simply to say that two designs are not alignable.

Notice that combinational equivalence checking does not con-
sider resetability at all. If two designs are not resettable, but com-
binationally equivalent, then combinational verification says that

the designs are equivalent. Combinational equivalence checking is
also a kind of sequential equivalence checking when all registers
are one-to-one mapped between two designs. Thus, it can be seen
as that combinational equivalence checking is a form of sequential
equivalence checking without checking resetability.

4 Generating Debug Traces during Alignabil-
ity

When two designs have been shown to be sequentially inequivalent,
it is necessary to provide at least one debug trace. It can be done
easily when sequential verification was done from some reset state.
However, traditional alignability verification is done without any
reset state. Therefore, at a first glance, it seems that generating
debug traces is not possible.

However, we have found out that we often can generate a mean-
ingful debug trace on alignability even when we do not have access
to a reset state. To do this, we keep all intermediate results in the
ESP fixpoint iteration as onion rings. Let ESPi be the ith ESP ap-
proximation in the iteration of ESP computation (where ESP0 is
equal to the EOP). Now suppose ESPk becomes empty at the kth

iteration. Even though there is no initial state, we can often pro-
vide a meaningful trace by choosing an initial state from ESPk−1

as our starting state. This is because any state in ESP0 requires
one or more transitions to get to a bad state, whereas any state in
ESPk−1 requires at least k transitions. The states in ESPk−1 are the
farthest from the bad states in terms of how many transitions are re-
quired at least to reach a bad state. Thus, the states in ESPk−1 is the
most likely candidates for valid or meaningful initial states. Once
we have chosen a state, we can apply the standard techniques for
generating debug trace from the onion rings as in model checking.
Note that the initial state from ESPk−1 may be an unreachable state
that does not provide the user with information on why the designs
do not correspond in certain cases. However, we have found that
the initial state from ESPk−1 often is valid and that the debug trace
explains why it goes to a bad state well in practice.
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Figure 5: An example for generating debug trace.

As an example, consider Figure 5. In this example, if we set the
signal rst to a constant 0, the two designs are sequentially equiv-



alent since the register r o1 in the specification was retimed back-
ward and mapped to the registers r a and r b in the implementation.
However, once rst is high, the two outputs o1 and o2 become 0 im-
mediately. Now suppose that rst becomes low and clk becomes
high. Then, r o1 gets the value of x that is the previous value of ei-
ther a or b in the specification. Whereas, y gets the value of r b that
is the previous value of b in the implementation. On this example,
there are total 32 states since there are 5 registers. Alignability com-
putation gives 16 states in EOP, then 8 and 3 states in the first and
second iterations in ESP computation. The ESP becomes empty at
the third iteration.

Table 1 is the actual debug trace we generate. Step 0 is the ini-
tial state picked up from the last non-empty ESP (that is, from the
second iteration). In Step 1, rst becomes high and clk becomes
low, then the values of r o1 and y become 0. In Step 2, r o1 gets
the value of x at Step 1 and y gets the value of r b at Step 1. This
makes the values of o1 and o2 different.

Inputs Spec Impl Outputs
Step a b clk rst x r o1 r a r b y o1 o2

0 1 1 1 0 1 1 1
1 0 1 1 0 1 0 0 0 0
2 1 0 1 0 1 1 1 0 0 1 0

Table 1: A generated debug trace.

The initial state from ESPk−1 can be justified by performing
backward reachability and if the initial state is reachable from all
states in EOP, the initial state is truly valid. In the example in Fig-
ure 5, this is the case.

5 Related Work

The first work that attempted to address the problem of verifying the
equivalence of circuits before their reset states were known was the
work of Pixley [8]. Other notions of equivalence has been proposed,
such as safe replacement [10] and 3-valued safe replacement [3] for
example, but alignability seems to have been the notion of equiva-
lence that has been most popular and practical to date.

As previously mentioned, Khasidashvili and coworkers have
constructed a tool that is centered around Pixley’s original
alignability verification. In order to deal with the limitations of
the original BDD-based algorithms, compositional algorithms that
rely on manual annotation of the design with properties are used [6].
The same authors have also investigated the use of SAT-based meth-
ods for checking equivalence without a reset state, and the compu-
tation of synchronizing sequences [9, 5].

Huang et al. was the first to address the handling of don’t cares
in sequential equivalence checking of designs with a reset state [4].
The method in [4] models explicit don’t cares as a separate circuit
which is added on top of a mitered design. For internal don’t cares,
symbolic reachability is performed to find unreachable states that
are used as constraint in verifying equivalence. As a reset state is
required to compute don’t care information for internal don’t cares,
the method can not be used in our alignability based framework.
Another strong point in the proposed model in this paper is that the
proposed model treats both external and internal don’t cares exactly
the same way using interval network by propagating all don’t cares
through circuit [11], without performing symbolic reachability.

6 Experimental Results

We have developed a sequential equivalence checker and applied it
to many industrial designs that have been sequentially optimized.

Our sequential equivalence checker uses the extended alignability
as its core decision method, but incorporates multiple different en-
gines based on BDDs, SAT, and ATPG.

Table 2 shows the results of applying our sequential equivalence
checker on real optimized designs. All examples have been run on
a Linux machine with 4G-byte memory. In the table, the first col-
umn lists industrial designs from a number of different customers,
and the next two columns (Ls and Li) show the number of registers
in specification and implementation designs, respectively. The next
two columns (I and O) show the number of inputs and outputs in the
design, respectively. The columns named Time and Memory con-
tain the time in seconds and memory consumptions in megabytes
for sequential equivalence checking. The next column (DCs) shows
whether each design has don’t cares. The last column (Eq) shows
whether each design can be shown sequentially equivalent or not.

There are 10 industrial designs in the table. Conventional combi-
national equivalence checking can handle none of these designs, as
all of the designs have undergone sequential optimizations such as
FSM re-encoding, FSM optimizations, register merging and repli-
cation, and retiming. Among the 10 designs, five designs have don’t
cares which clearly shows that handling don’t cares is necessary in
practice. We have found one real bug in D2 and all the other designs
were successfully verified.

The implementation design of D2 was sequentially optimized
by a commercial logic optimization tool. The design was retimed
and our sequential equivalence checker found a bug. Our proposed
debug trace generation provided a meaningful trace that showed the
optimization tool development team why the two designs are not
alignable, and helped narrow the problem down to a wrong move
made by the logic optimizer. The mismatch has since been fixed in
new release of the tool.

Design Ls Li I O Time Memory DCs Eq

D1 28 21 17 8 7.2 21.8 yes yes
D2 33 55 12 9 891.3 74.6 no no
D3 53 50 29 31 10.3 22.7 no yes
D4 58 106 25 28 195.6 37.9 no yes
D5 104 98 9 30 102.0 108.7 yes yes
D6 175 176 17 10 14.9 46.0 yes yes
D7 216 216 31 5 9.3 44.8 no yes
D8 228 227 59 66 90.8 40.3 no yes
D9 259 259 118 78 54.7 108.2 yes yes
D10 296 288 216 35 27.7 58.1 yes yes

Table 2: Experimental results.

7 Conclusions

To use alignability in practice, there are a number of obstacles that
need to be overcome. We have taken two steps towards practical
symbolic equivalence checking by extending the standard alignabil-
ity theory to handle don’t care information and by presenting a
heuristic to generate debug traces in the absence of reset states.

The experimental results shows that the correct handling of don’t
cares is necessary in practice and that our sequential equivalence
checker could verify many industrial designs that can not be proven
equivalent using combinational equivalence checking. We have
also shown that sequential equivalence checking can be a useful tool
for finding optimization bugs, and that our heuristic for generating
debug traces can provide a useful debugging aid when attempting
to diagnose faulty optimization moves.
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